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Abstract
Assume that the nerve K of a hyperbolic Coxeter group Γ is n-connected and the complement
K \ ∆ to every simplex is n-connected. Then the boundary ∂Γ is n-connected and locally n-
connected. Ó 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let (X,d) be a metric space. A geodesic segment [x, y] in X with the points x, y ∈ X
is an image of an isometric imbedding ξ : [0, d(x, y)]→X of the interval [0, d(x, y)] ⊂R
with ξ(0) = x and ξ(d(x, y))= y . A metric space is called geodesic if for every pair of
points x, y ∈ X there is a geodesic segment [x, y] ⊂ X joining them. A metric space is
called proper if every closed ball B(x, r) in it is compact.
A proper geodesic space X is convex if it has the property of uniqueness of the geodesic
segment joining any two points in X. The main examples of such spaces are CAT(0)-
spaces or Hadamard spaces [1]. Every convex spaceX has a visual sphere at infinity S(∞)
which is defined as the inverse limit of spheres S(x0, r) of radius r with bonding maps
qRr :S(x0,R)→ S(x0, r), R > r , obtained by means of geodesic segments joining points
of the sphere S(x0,R) with the center x0. It is known that the visual sphere of a CAT(0)
space does not depend on the choice of x0 [1].
A Coxeter group is a finitely presented group Γ having the following presentation:
Γ = 〈S | u2 = (uv)muv = (vu)muv = 1; u,v ∈ S, u 6= v, muv ∈ {2,3, . . . ,∞}〉.
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A Coxeter group Γ is called right-angled if muv = 2 or∞ for all u,v ∈ S. A Coxeter
group Γ together with this presentation is called a Coxeter system and is denoted as (Γ,S).
Every Coxeter system (Γ,S) defines a convex geodesic space X = A(Γ,S) called the
Davis–Vinberg complex [5]. The visual sphere at infinity S(∞) ofX is called the boundary
of a Coxeter system (Γ,S). In view of the following conjecture we denote this sphere as
∂Γ and refer to that as the boundary of the group Γ .
Rigidity Conjecture. Isomorphic Coxeter groups have homeomorphic boundaries.
Every Coxeter system defines an abstract simplicial complex N = N(Γ,S)= {V ⊂ S |
ΓV is finite,V 6= ∅}, called the nerve of (Γ,S). Here ΓV ⊂ Γ is the subgroup generated by
V ⊂ S. In the case of a right-angled Coxeter group the complex N is a flag complex [5],
i.e., a complex with the property: every set of vertices pair-wise joined by edges spans a
simplex. Conversely, every flag complex K uniquely defines a right-angled Coxeter group
Γ = Γ (K).
Thus, topological properties of ∂Γ can be expressed in terms of N . For instance, coho-
mological dimensions dimG ∂Γ can be computed in terms of combinatorial cohomological
dimension of the cone over N [9]. The cohomology of ∂Γ can be computed by means of
cohomologies of certain subcomplexes of N [7]. In this note we consider the property of
local n-connectedness of the boundary ∂Γ .
Theorem 1. Assume that the nerve K of a hyperbolic Coxeter group Γ has the following
properties
(1) K is n-connected and
(2) the complement K \∆ to every simplex is n-connected.
Then the boundary of the group ∂Γ is n-connected and locally n-connected.
We recall that a metric space (X,d) with a base point x0 ∈X is hyperbolic [11] if there
is a constant δ > 0 such that (a|b)>min{(a|c), (c|b)}− δ for all a, b, c ∈X where (a|b)
is the Gromov product of a, b ∈X:
(a|b)= 1
2
(
d(a, x0)+ d(b, x0)− d(a, b)
)
.
Every set of generators S of a group Γ defines a metric d on Γ by the formula
d(a, b)= l(a−1b) where the length l(c) of an element c ∈ Γ is the length of the shortest
presentation of c in the alphabet S. A group Γ is called hyperbolic if it is hyperbolic as
a metric space for some choice of generator set S. It is known that this property does not
depend on the choice of S.
The following example shows that the hyperbolicity is essential in Theorem 1.
Example 1. Let T be a three point space and let K = ΣT be the suspension on T . The
complex K is a flag complex and hence it defines a unique right-angled Coxeter group Γ
with the boundary ∂Γ homeomorphic to the suspension over the Cantor set. We note that
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K satisfies conditions (1)–(2) of Theorem 1 for n= 0 but ∂Γ is not locally 0-connected.
Note that Γ is not hyperbolic.
The following example shows that the condition (1) alone is not enough to obtain the
conclusion of Theorem 1.
Example 2. Let K be the cone over a two points space and let Γ be the right angled
Coxeter group generated by K . Then by Siebenmann’s no -condition Γ is hyperbolic.
Clearly (1) holds for any n. Since Γ =D∞ ×Z2 is two-ended, ∂Γ is not 0-connected.
In view of Vinberg’s theorem [16] (see also [13]) on the upper bound of the dimension
of hyperbolic space admitting crystallographic reflection groups, the property of being
hyperbolic seems quite restrictive for the Coxeter groups. The natural conjecture here is
that the conditions in Theorem 1 in the general case could be the following:
(1) as in Theorem 1, K is n-connected;
(2) the complementK\St(∆,K) to the star of every simplex is n-connected.
Here St(L,K) is the star neighborhood of a subcomplex L ⊂ K , i.e., the union of all
simplexes of K having non-empty intersection with L. If in this definition we consider
only the union of open simplices, then we get the notion of open star neighborhood
OSt(L,K). We denote by Lk(L,K) the difference St(L,K)\OSt(L,K). Note that in the
case when L is a simplex of dimension greater than 0 this notion of the link differs from
the combinatorial link lk(∆,K) which we define later.
Let C be a class of topological spaces. By AE(C) we denote the class of absolute
extensors for the class C . A topological space X is an absolute extensor for a class C ,
X ∈ AE(C), if for any Z ∈ C and any partial continuous map f :A→ X, given on a
closed subset A ⊂ Z, there is a continuous extension f¯ :Z→ X. For brevity we denote
AE(n)= AE({Z: dimZ 6 n}). The classical Kuratowski–Dugundji theorem asserts that a
compact metric space X is AE(n) if and only if X is (n−1)-connected and locally (n−1)-
connected. In view of these notations Theorem 1 can be generalized to the following.
Theorem 2. Assume that the nerve K of a hyperbolic Coxeter group Γ has the following
properties:
(1) K ∈ AE(C) for some C and
(2) the inclusion LK(∆,K)→ K\OSt(∆,K) is null homotopic for every simplex ∆
in K .
Then the boundary of the group ∂Γ ∈ AE(C).
2. Proofs
The Hadamard spaceX =A(Γ,S) associated with a Coxeter system (Γ,S) is defined as
the quotient space q :Γ ×CK→X, where K is the nerve of (Γ,S) and CK stands for the
cone over K . The map q is defined by the following equivalence relation: (a, x)∼ (b, x)
if and only if b−1a ∈ Γσ(x), where σ(x) is a unique simplex in K which contains x
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in its relative interior and Γσ is a subgroup of Γ generated by the vertices of σ . Here
we assume that σ(x) = ∅ if x does not lie in K , then Γ∅ = {e}. The space X admits a
natural structure of piecewise Euclidean complex [5] whose barycentric subdivision is the
simplicial complex structure inherited from Γ × C(β1K) by the quotient map q . Here
βkK denotes the k-iterated barycentric subdivision ofK . This structure defines the natural
metric on X such that Γ acts on X by isometries with the orbit space X/Γ = CK. The
group Γ is imbedded in X as the translates of the cone vertex and this imbedding is a
quasiisometry.
Proposition 1.
Let Γ be a hyperbolic Coxeter group defined by a Coxeter system (Γ,S) and let
X = X ∪ ∂Γ be the compactification of the complex X =A(Γ,S). Then there is a metric
ρ on X with Σεi <∞ where εi =max{diamρ g(CK) | l(g)> i}.
Proof. Consider an imbedding j :X→ RN and let ρ be the induced metric. Then the
vector-valued function f :X→ RN , obtained from j as the restriction is bounded and
extendable over the boundary. Note that X is hyperbolic as a metric space which is
quasiisometric to the hyperbolic group Γ . According to a characterization of the Gromov
boundary of a hyperbolic space X in terms of function algebras [14], for every r > 0 there
is c such that Vrf (x)6 c/d(x, x0)2. Here
Vrf (x)= sup
{‖f (x)− f (y)‖ | y ∈ B(x, r)}
is the variation of f on the ball Bd(x, r) centered at x of radius r . We take r = diamd CK .
Then for any y ∈ g(CK) we have ρ(g(x0), y)6 cd(g(x0), x0)−2 6 c′l(g)−2 6 c′/i2. Here
we use the fact that the word metric on Γ is quasiisometric to the induced metric from
(X,d). Hence, εi 6 2c′/i2. 2
There is the natural imbedding of CK ⊂ X as q(e × CK) and X =⋃g∈Γ g(CK). We
define Y =⋃g∈Γ g(K)⊂X and let Y be the closure of Y in X.
Proposition 2. If K ∈ AE(C), then Y ∈ AE(C).
Proof. Let Z ∈ C and let φ :A→ Y be a map of a closed subset A ⊂ Z. Since X is
an absolute retract, there is an extension φ¯ :Z→ X. For every g ∈ Γ we consider the
pair (φ¯−1(g(CK)), φ¯−1(g(K))). Since K ∈ AE(C), there is an extension φg : φ¯−1(CK)→
g(K). We define
φ˜ =
⋃
g∈Γ
φg ∪ φ¯|φ¯−1(∂Γ ) :Z→ Y .
This map is well-defined and continuous at points taking values in Y . Since the diameter
of g(CK) tends to zero at ∂Γ and φ˜ is less than that diameter apart from a continuous map
φ¯, the map φ˜ is continuous at points having values of φ˜ in the boundary ∂Γ . 2
Remark. Proposition 2 implies that Y ∈ AE(n) if K ∈ AE(n). Since a map of n-
dimensional space to a simplicial complex can be swept to the n-dimensional skeleton by
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moving points no further than the mesh of the complex, one can show that Y (n) ∈ AE(n)
where Y (n) is the nth skeleton of Y .
Let K be the nerve of a Coxeter group Γ . For every g ∈ Γ we denote by End(g) the
set of all generators v ∈ K(0) such that g can end by v in a short presentation. The set
End(g) spans a simplex σ in K . We denote by ∆(g) the simplex spanned by End(g). The
following assertion can be extracted from [2,6].
Assertion 1. For any Coxeter system (Γ,S) with nerve K , and for any enumeration {gi}
of elements of Γ with the property l(gi)6 l(gi+1)
(1) the set Ti =⋃k6i gk(CK) is contractible for all i and
(2) the intersection Ei = Ti−1 ∩ gi(CK) equals gi(St(∆(gi), β1K)).
Assertion 2. Let K be the nerve of a Coxeter group Γ and assume that for some g ∈ Γ
we have g(K)∩K 6= ∅. Then g ∈ Γσ for some simplex σ and g has a fixed point.
Proof. Let x ∈ g(K) ∩ K , then x = g(y) for some y ∈ K . Consider the quotient map
q :Γ × CK→ X described above. Then x = q(e, x) and y = q(e, y). By the definition
of the action of Γ on X we have g(y)= gq(e, y)= q(g, y)= q(e, x). Hence, y = x and
g ∈ Γσ where σ contains x . 2
Proposition 3. Let Γ be a Coxeter group. Then there exist a number m and a bijection
g :N→ Γ \{e}, g(i)= gi with the properties:
(1) l(gi)6 l(gi+1),
(2) If i1 6 i2 6 · · · 6 ik with l(gi1) = l(gik ) and Eir ∩ Eir+1 6= ∅ for all r < k, then
k 6m.
Proof. Let n1 be the number of simplices in the nerveK . Let
Gσ =
{
g ∈ Γ | span(End(g))= σ}.
Then {Gσ }σ⊂K is a partition of Γ \{e} intom1 disjoint classes, wherem1 6 n1. By Selberg
Lemma [15] there is a torsion free subgroup Γ ′ ⊂ Γ of finite index n0. The subgroup
Γ ′ defines a partition of Γ into n0 cosets. These two partitions define the partition of
Γ \{e} into at most m = n1n0 disjoint classes C1,C2, . . . ,Cs , s 6 m. Let mr be the
number of nontrivial elements of Γ in the r-ball B(r) = {w ∈ Γ | l(w) 6 r}. We define
g separately on the sets [mr + 1, . . . ,mr+1] for r = 0,1, . . . . Consider the restriction of
the above partition on Γ \{e} onto B(r + 1)\B(r). Then g on [mr + 1, . . . ,mr+1] is any
enumeration of elements of B(r + 1)\B(r) that observes the order on the partition, i.e., we
enumerate elements from C1 first, then from C2 and so on. The condition (2) follows from
the following
Claim. For every i 6= j with gi and gj lying in the same class, the sets Ei and Ej are
disjoint.
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Proof. Assume that Ei ∩ Ej 6= ∅. Since gi, gj ∈ Gσ , it follows that Ei = gi(S) and
Ej = gj (S) where S = St(σ,β1K) by Assertion 1. Then S ∩ g−1i gj (S) 6= ∅. Then by
Assertion 2, g−1i gj ∈ Γδ for some δ and hence the element g−1i gj has finite order. On the
other hand gi, gj ∈wΓ ′ for somew. This implies that g−1i gj ∈ Γ ′. Since g−1i gj is of finite
order, g−1i gj = e. Therefore i = j . Contradiction. 2
Proposition 4. Let K be a finite complex with the property that for every simplex ∆⊂K
the inclusion Lk(∆,K)→K\OSt(∆,K) is null homotopic. Assume that Γ is a hyperbolic
Coxeter group whose nerve is K . Then there is a retraction r :Y → ∂Γ .
Proof. Since the inclusion Lk(∆,K)→ K\OSt(∆,K) is null homotopic, the inclusion
Lk(∆,β1K) → K\ Int(St(∆,β1K)) is null homotopic. Hence this inclusion can be
extended to a map ψ : St(∆,β1K)→ K\ Int(St(∆,β1K)). Then ψ together with the
identity map on K\ Int(St(∆,β1K)) defines a retraction r∆ :K→K\ Int(St(∆,β1K)).
Let pi : ∂Ti−1 → ∂Ti be a map defined by the retraction rσ , where σ is from Ei =
gi(St(σ,β1K)). Denote Y i = Y\ IntTi . Then we may assume that pi is a retraction
of Y i−1 onto Y i . Note that pi is an ε-move where ε is the diameter of gi(CK). We
define φk = pmk+1 ◦ · · · ◦ pmk+1 where mk is the cardinality of the k-ball B(k) ⊂ Γ .
Since each pi is moving points lying in Ei only, Proposition 3 implies that Φk is mεk-
move in X with respect to the metric ρ of Proposition 1. Since Σmεk <∞, the limit
r = limk→∞ φk ◦ · · · ◦ φ1 is a well-defined continuous map r :Y → ∂Γ . It is clear that r is
fixed on the boundary ∂Γ . 2
Remark. Assume that the main assumption of Proposition 4 is altered to the following: the
inclusion Lk(∆,K)(n+1)→ (β1K)(n+1)\OSt(∆,K) is homotopically trivial in dimensions
6 n for all ∆ ∈K . Then there is a retraction r :Y (n+1)→ ∂Γ .
Indeed, the boundary of St(∆,β1K)(n+1) is equal to the link Lk(∆, (β1K)(n+1)). The
inclusion
j∆ : Lk(∆, (β1K)(n+1))→ (β1K)(n+1)\OSt(∆,β1K)
can be deformed to Lk(∆,K)(n+1) in the (n+ 1)-skeleton of (β1K)(n+1)\OSt(∆,β1K).
Since Lk(∆, (β1K)(n+1)) is n-dimensional and the inclusion Lk(∆,K)(n+1)→(β1K)(n+1)\
OSt(∆,K) is homotopy trivial in the dimension n, the inclusion j∆ is null ho-
motopic in (β1K)(n+1)\OSt(∆,β1K). Hence there is a retraction r∆ : (β1K)(n+1) →
(β1K)(n+1)\OSt(∆,β1K). Then the argument of Proposition 4 gives a retraction r :Y (n+1)
→ ∂Γ where Y (n+1) =⋃g∈Γ (β1K)(n+1) is the (n+ 1)-skeleton of Y ⊂X with respect to
the simplicial complex structure on X defined in the beginning of Section 2.
Proof of Theorem 2. By Proposition 4 there is a retraction r :Y → ∂Γ . By Proposition 2,
Y ∈ AE(C). Then ∂Γ ∈ AE(C) as a retract of AE(C). 2
Proof of Theorem 1. If K is n-connected then K(n+1) ∈ AE(n + 1), hence Y (n+1) ∈
AE(n + 1) by the remark to Proposition 2. Condition (2) implies that the space
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K\OSt(∆,K) is n-connected. Hence (β1K)(n+1)\OSt(∆,K) is n-connected and hence
the inclusion Lk(∆,K)(n+1)→ (β1K)(n+1)\OSt(∆,K) is null homotopic in dimensions
6 n. By the remark to Proposition 4 there is a retraction r :Y (n+1) → ∂Γ . Therefore
∂Γ ∈ AE(n+ 1). 2
3. Shadows and bonding maps
An Euclidean n-cell is a compact intersection in Rn of a finite number of half-spaces.
Every Euclidean cell has faces which are Euclidean cells of lower dimension. A piecewise
Euclidean complexX is a cell complex formed by Euclidean cells with isometries on faces
as attaching maps. On every locally finite piecewise Euclidean complex X there is the
natural geodesic metric d which coincides with the Euclidean metric on every cell. Let C
be an Euclidean cell; for every x ∈ C the tangent space Tx(C) is well-defined. The set of
inward pointing unit vectors in Tx(C) is denoted by Lnk(x,C). Note that Lnk(x,C) is a
spherical cell in the unit sphere. If X is a piecewise Euclidean complex and x ∈X, then we
define the link Lnk(x,X) =⋃x∈C Lnk(x,C). The link is a piecewise spherical complex.
For small enough τ one can define an exponential map e : Lnk(x,X)× (0, τ ]→X by the
formula e(v, t) = ξv(t) where ξv : [0, τ ] → X is a geodesic segment emanating from x
in the direction of v. For small t the restriction e|Lnk(x,X)×{t} is the natural imbedding of
Lnk(x,X) in X. Let g : [r,R] → X be a geodesic segment; the shadow Shad(g, g(t)) ⊂
Lnk(g(t),X) of a point g(t) with respect to g is the set of tangent vectors to g at g(t). In
other words, Shad(g, g(t)) is the set of traces of all geodesics extending g on the image of
Lnk(g(t),X) under an imbedding e|Lnk(x,X)×{t ′} for small enough t ′. Let g : [r,R]→X be
a geodesic; a branching point t ∈ [r,R] is a point such that the shadow Shad(g|[r,t ], g(t))
consists of more than one point.
Let (X,d) be a convex space. By the definition, the sphere at infinity is the limit space
of inverse system {Sx0;ψRr } where ψRr :Sx0(R)→ Sx0(r) is the geodesic contraction map
between spheres of radiiR > r , centered at x0: ψRr (x)= [x, x0]∩Sx0(r) for all x ∈ Sx0(R).
We recall that a map with approximatively k-connected fibers is called an UVk-map [12].
Note that UV∞-maps are exactly cell-like.
Theorem 3. Let X be a piecewise Euclidean convex complex and let k ∈ Z+ ∪ {∞}. If
Shad(g, x) are k-connected for all possible g,x then every bonding map ψRr :Sx0(R)→
Sx0(r) is an UVk-map.
Proof. We show that the set F = (ψRr )−1(x) is UVk . Note that a branching point can occur
only when geodesic lying in some cell hits its face. This implies that geodesics of given
length and emanating from a given point have the number of branching points bounded
from above. Hence the following number is well-defined:
NF = max
{
the number of branching points of ξ |[r,R] | ξ : [0,R]→X,
ξ(0)= x0, ξ(r)= x
}
.
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By induction on n we prove the following statement:
For any r < R and any x ∈ Sx0(r) with N(ψRr )−1(x) 6 n, the set F = (ψRr )−1(x) is UVk .
(1) n= 0. In that case F is a point and hence UVk .
(2) n→ n + 1. Let t1 be the infimum of branching points of ξ |[r,R] where ξ is as in
the definition of NF . An easy argument, based on compactness of F , implies that
t1 is a branching point for some geodesic g with g(0)= x0 and g(r)= x , restricted
onto [r,R]. For small enough ε the set Φ = (ψt1+εr )−1(x) is homeomorphic to the
shadow Shad(g|[0,t1], g(t1)) and hence is UVk by the assumption of the proposition.
For every z ∈ Φ the set Fz = (ψRt1+ε)−1(z) has the number NFz 6 n. By the
induction assumption Fz is UVk for all z ∈ Φ . Therefore the map ψRt1+ε is a UVk-
map. Since a preimage of a UVk-set under a UVk-map is UVk , it follows that
F =ψRt1+ε(Φ) is UVk . 2
Let σ ⊂K be a simplex in a simplicial complex K . The link of σ in K is a simplicial
complex lk(σ,K), generated by all simplexes δ ⊂ K such that σ ∩ δ = ∅ and the join
σ ∗ δ is a simplex in K . In the case when σ = v is a vertex we have the equalities
lk(v,K)= Lk(σ,K)= Lnk(v,K).
Let (Γ,S) be a Coxeter system with nerveK . The Davis–Vinberg complexX =A(Γ,S)
has the structure of a piecewise Euclidean complex with an action of Γ by isometries such
that the set of vertices of X consists of translates by Γ of the cone vertex x0 ∈ CK ⊂ X.
The Euclidean cells in X are simple [5], i.e., the link of every vertex is a simplex.
In the following proposition we assume that −1-dimensional sphere S−1 and −1-
dimensional simplex σ−1 are empty sets, and lk(∅,K)=K and K ∗ ∅ =K .
Proposition 5. Every link Lnk(x,X) is isomorphic to the join lk(σ k,K) ∗ Sk for some
k-dimensional simplex σk where k ∈ {−1,0, . . . ,dimK}.
Proof. We have different kinds of links Lk(x,X) depending on the type of the face x lies
in. Since X has a structure of a piecewise Euclidean complex such that the action of Γ
on its vertices is transitive, we can consider only x lying in a small neighborhood of the
cone vertex of CK ⊂X. If x lies in the relative interior of a (k + 1)-dimensional face Bk ,
then Bk is obtained from a k-dimensional simplex σk ⊂ K [5]. Then Lnk(x,X) has two
orthogonal components. One is the link of x in IntBk+1 which is clearly a k-sphere, the
other is the normal link of σk in K which is equal to lk(σ k,K). Then Lnk(x,X) is the
orthogonal join of Lnk(σ k,K) and Sk . 2
A triangulation τ on a manifold M is called combinatorial if the link lk(σ, τ ) of every
simplex σ ∈ τ is homeomorphic to a sphere.
Proposition 6. If K = Sn is a combinatorial triangulation of a sphere, then all shadows
Shad(g, x) are contractible.
Proof. By [8, Lemma 2.22], the shadow Shad(g, x), g : [a,0] → X, g(0) = x is
homeomorphic to the complement of the open ball Bv(pi), v = g(−ε), of radius pi centered
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in the point of the spherical complex Lnk(x,X), corresponding to v. Since X is CAT(0),
the geodesics in Lnk(x,X) issuing from v of length < pi do not intersect, hence the open
ball Bv(pi) is homeomorphic to Euclidean space. The complement to an open n-ball in Sn
is cell-like by virtue of an appropriate application of the Schoenflies Theorem [3]. Since
the shadow is a polyhedron, it is contractible. 2
The following fact is well known (see [10]).
Corollary 1. If the nerve K of a Coxeter system (Γ,K(0)) is PL-homeomorphic to the
sphere Sm, then the boundary ∂Γ is homeomorphic to the sphere Sm.
Proof. It is easy to see that the inverse system {S(k)} of combinatorial spheres S(k)= ∂Tk
with geodesic contractions as bonding maps defines the same limit ∂Γ as metric spheres.
Assertion 1 implies that S(k) is homeomorphic to connected sum of S(k − 1) and Sm. By
induction we can conclude that all S(k) are homeomorphic to Sm. Brown’s theorem on
inverse limit with cell-like bonding maps [4] implies that ∂Γ is homeomorphic to Sm.
Corollary 2. If the nerve K is a k-connected PL-manifold, then ∂Γ is k-connected and
locally k-connected.
Proof. Let dimM = n. By Proposition 5 every link Lnk(x,X) in this case is PL-
homeomorphic to Sn or K . In that case a shadow is either contractible by Proposition 6 or
has the formK\Bv(pi) where Bv(pi)∼= Rn. This implies that all shadows are k-connected.
Since an inverse limit of AE(k+1) spaces with UVk bonding maps is AE(k+1), the result
follows. 2
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